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Fluctuating Hydrodynamic Equations of
Mixed and of Chemically Reacting Gases
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The method of the nonlinear Langevin equation is generalized to ordinary mixed
and to chemically reacting gases. The stochastic Boltzmann equations of these
gases, the fluctuating hydrodynamic equations of mixed gases, and the Langevin
equations for the number density of each component of a reaction—diffusion system
are obtained.
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1. INTRODUCTION

Studies on fluctuations in chemically reacting systems are important for
clarifying the mechanism of appearance of ““dissipative structures.”® Since
chemically reacting systems are in principle described by the Boltzmann
equation so long as they are dilute,'® the fluctuations may also be described as
those of the Boltzmann equation.’® On the basis of this idea Nicolis derived a
multivariate master equation that is in principle complete. However, it is so
complex that no one has analyzed it. Instead, some approximate equations
based on more or less phenomenological arguments, such as the nonlinear
master equation,™ have been discussed.”®

The problem of fluctuations of the Boltzmann equation of ordinary (not
chemically reacting) mixed gases has also been an important subject for study
since the pioneering work of Fox and Uhlenbeck.®” Clearly, the two
problems are very similar. Malek-Mansour et al.® tried to apply the method
of stochastic analysis developed for the problem of chemically reacting
systems to the other problem. This work shows the similarity most clearly.
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The method of the nonlinear Langevin equation has recently led to some
success with regard to the problem of fluctuations of ordinary gases.®
Langevin-like equations for each of the particles that constitute a fluid are so
constructed that they give the same expectation values of physical quantities
as the master equation'? gives, and then a stochastic equation of the one
particle distribution is derived from them. This is just the Boltzmann equation
equipped with a term of the Langevin fluctuating force. The fluctuating
hydrodynamic equations of Landau and Lifshitz"*) are also derivable from
this stochastic Boltzmann equation by a direct application of the Chapman-—
Enskog expansion.” 2! This method may be expected to be applicable to
chemically reacting systems.

This paper aims at presenting a theory of the stochastic Boltzmann
equation of chemically reacting systems and a theory of hydrodynamic
fluctuations in these systems. These theories include as special cases those of
fluctuations in ordinary mixed gases at the kinetic and at the hydrodynamic
stages.1%

The fluctuations of the diffusion velocity, or the thermal current, are
shown to be characterized by the diffusion, or the thermodiffusion, coef-
ficients [see Egs. (70) and (72)].

A set of Langevin equations for the number density of each component in
a reaction—diffusion system is obtained [see Eqs. (114)]. The problem of the
fluctuations of these systems is reduced to that of solving the set of the
Langevin equations.

After this paper was submitted, the author learned of other work on
hydrodynamic fluctuations associated with diffusion and chemical
reactions.*4~2% In the author’s opinion, those works are sufficiently different
from the present work so as to make publication of this paper worthwhile,

2. MASTER EQUATION

The Boltzmann equation is derived from the master equation®
g
55; f(vl 5 V25005 Vs t)

=3 JJ‘{W(V,-, Vi V¥ SV ey Vi ey ¥ ey Vs 1)
a1 v

— WOV VL V) (e, Visoy Vo, Yy, D} dY V) (0
When chemical reactions occur, Eq. (1) is modified. For simplicity, we
consider in this section a binary reaction

A+B=2C+D )
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This reaction may be considered as a collision of two particles, say / and j, in
which the “state” of the ith or the jth particle changes from A to C, or Bto D,
respectively. Accordingly, each particle is specified not only by the velocity v,
but also by the state a. For reaction (2), this variable may take four values A,
B, C, and D. Equation (1) is extended to the form

a ! !
E;f(vl§°‘1,~-,v1va %y l)zz Z J‘ av; dvj

i) ajaf

x {W(©;, ¥}, v/, vy oy, o, 0, a)

X f Vi, Ayyeey Vs 0 ey vj’p O ey Yy, Oy 1)

— WL v v v, o o o)

X Vg 0 gy Vio Oy ¥y Oy Vs 0y, D (3)

When the system is not homogeneous, the space variable r should be
attached and we have

é é
(_a‘i f(ala a29---: aN’ t) + ;vi 5;'_1 f(ala"'a aN7 t)

= Z {Wi(a;, a;, a;, a/)f(ay,..., a;'s..., a5, ay, ©)
@)
- Wa/, a;, a;, apf(ay,..., a,..., a;,..., ay, 1)} da; da; 4

where the following notations are used:
a; = (ri> Vi9 di)> jdai = Z Jdrl J‘dVl . (5)

So long as the system is dilute, we may consider each particle as a point and
may assume that collisions are local events:

W(a;, a;, a/, a;') = 6(r; — r)o(r; — r/)o(r; —r;')
X W, vi, v/, v/'5 o, @, o, &) ©6)

The function W = W(v;, v;,v/,v;; %, a;, &/, «;) describes all the kinds of
binary collisions. Among them, we may distinguish the elastic and the inelastic
collisions,

W = Wel + Winel (7)
el __ .
W - 60:1&’1501241’2 W(vl > v29 vll’ V2/, Ay, a2a alla azr)

= 511‘1’16&2:1'2 Wa;az(vl L] V2, vl,, v2,) (8)
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When the inelastic collisions are absent, Eq. (4) gives the master equation of
mixed gases.

Equation (4) is the fundamental assumption of this paper. The relation of
Eq. (4) to the Boltzmann equation is simple. On the assumption of molecular
chaos

f(a17 al""v aN’ t) = H f(l)(rw V,, ) (9)
Eq. (4) gives

0 0
P SO, v, ) +v pn U, v, 1)

=S5 = X J”dV’dvl vy’

x {W(V Vi, Vv ooy, o, oy )fm(r v t)f(l)(ravlr’ 1) .
— W v v v o oy, o) 00 v, OfD (v, 6)) (10)

Equation (10) reduces to the Boltzmann equation of Ross and Mazur'® when
the system is homogeneous.

3. STOCHASTIC BOLTZMANN EQUATION

The stochastic process that is described by the Fokker~Planck equation
may also be described by the Langevin equation (see, e.g., Ref. 21). This
theorem is formally extended in previous papers® to the case of the master
equation

%f (@) = j {W(a,a)f(a) — W, a)f(a)} da (1)
We may construct the Langevin equations
%a(t) = oy(a(r)) + R() (12)
4=y (n)a""‘(t)ock(a(t)) + R, n=23.  (13)
dt RV \

that are stochastically equivalent to Eq. (11). In Eq. (13), a,(a) is the kth
derivate moment of the transition probability and R,(¢) is a random force.®
Further, when the distribution

g(x, 1) = 6(x — a(?)) (14)
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is introduced, Eqs. (12) and (13) may be simply expressed by
0
a glx, 1) = fk(x, xXNg(x', ydx' + r(x, 1) (15)
where
k(x, x)y = W(x, x") — 8(x — x) fW(x”, x) dx" (16)
through the relations
a'(t) = fx“g(x, 1) dx, R,(1) = Jx"r(x, 1) dx, R =R,(t) (17)

The expectation values of the random force are given as follows:

rix,) =0 (18)
r(x, Dr(y, s) = 6(t — s) dezl dz, [0(x — z,) — 6(x — z,)]
X [y — zy) — 8y — 2,)]W(zy, 22)9(z,, 1) 19)
The higher order correlation functions of r(x, £) have similar expressions to

Eq. (19), since r(x, t)is a Poisson-like process. When Eq. (11)is multivariate, a
= {a,, a,,..., ay}, the following replacements should be done:

N
g(x, t) - g(xl’ X3 5eees Xns t) = ]_[ 5(xi - ai(l))
i=1 (20)

N
o(x — y)— H &(x; — po), J‘da—> j"'Jdal da, - day, etc.
i=1

[Detailed derivations of Egs. (12)—(20) are given in Ref. 9.]
Now, we may apply this theorem to Eq. (4). We have

0

0
81 g(x17---7 XN t) + ; \] a_r! g('xl seers Xp7s t)

:J---jdxl’---de’k(xl,...,xN, X1 ey X))

Xg(xlls-"axN/) +r(x1"°-axN’ [) (21)
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where

K(X1 ey Xy X1 seees Xy)

= z Qx;, Xjs X xj,) n 0(x, — x)

(G k#i,j

= Z{W(xi, Xp, X5 ;) — 0(x; — x,)0(x; ~ x;)
)
X j[dxi” dxj W(x/", xi", x;, X))} Y, 0(x, — x;) 22)
K#ELj

Because of the factorization property of Eq. (20), we may reduce Eq. (21) to

0 0
—glx, )+ Vv —glx ) =) Q(x, xq, X', x,)g{x', 1)
ot or 7

X gixy, )y dxy dx dx," +r{x, 1) (23)

where
gi(x, 1) = 0(x — ay(1)) (24)
rdx, 1) = J dex wdxy O — X)r(Xy ey Xy, £) 25
For the one-particle distribution
gx, ) = Z gix, 1) (26)
we have
;%g(x, H+v g; g(x, 0
= J JQ(x, xg, X'y x)g(x', g(x,', 1) + Fx, t) 27)
where

Ax,0) =) rix, 1) (28)

i
Going back to the concrete notation,

g(x, ) = g(x, v, 1)
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we may rewrite Eq. (27) as

a o
Pg.tr, v, 0] = (5; ¥ v(%)gd(r, v =glaDFrevn @9

that is, the stochastic Boltzmann equation. By this reduction of variables, Eq.
(19) reduces to

r0, Org(®, v, 1) = 2n26(1 — 1)t — 1), 6y5] (30)
where n = n(r) is the total number density of the gas,

5va = 5vac(vl ’ al) = 5(‘] - vl)é

2151

and the inner product of two functions is defined as follows:

[®, %] =(1/4n®) Y ﬁ--fdvldvzdvl’dvz’A[d)]A[‘P]

X WV, o, ¥, Vo 0, 0, 00, 057) G (8, V1, D)X, vo ', ) (31)
A[®] = @(vy, o01) + vy, %) — Bv,', o,) — D(¥,', ;) (32
Equations (29) and (30) are the conclusions of this section. Equation (29)

is similar in form to Eq. (10), but is free from the assumption of molecular
chaos. It is stochastically equivalent to the master equation.

4. FLUCTUATIONS IN MIXED GASES

We are going to analyze the stochastic Boltzmann equation [Eq. (29)]. In
this section, we consider the case in which chemical reactions are absent. The
transition probability is given by Eq. (8).

The arbitrary one-particle quantity

¥, = Z P(r (), vi(0), a(1)) = ¥ fj‘dr v P(r, v, a)g,(r, v, 1) (33)

obeys
Y=Y |- jdrdvdvl ' dv, Y, v, @)
ap
X {Waﬂ(v’ \SE V,, vll)gzx(r’ V’, t)gﬂ(r’ vll, t)
- Waﬂ(v,’ v1,> v, vl)ga(ro v, t)gﬂ(rs Vi, t)} + R‘P(t) (34)
where

Ry =Y J-jdr av¥(r, v, Q) (r,v, 1) (35
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By the method of change of variables, (v, a) < (v, ), Eq. (34) changes 0

1
I[¥] = 5 Y '--fdrdvdvl av' dvy' ATY10,,4 Suras

X Walaz(V’ vl H vla vll)gan(ra V/7 [)gaz(r: Vl/’ [) =+ Rly(t) (36)
where A[¥] is defined by Eq. (32).

Accordingly, both the collision and the random force terms vanish for
conserved quantities ¥ because of the identity

Vo, (Vi) + W, (v2) = ¥, (v)) = o, (vy) = 0 (37)

We may say that the random force term vanishes when its correlation
functions vanish. Then, the local equilibrium distribution

F,(r, C, 1) = n,(r)(B./m)** exp(— B,C?) (38)

where
B, = m,2kT, C=v-—u) (3%9)
is a stationary solution of Eq. (34). We may follow the theory of the

Chapman-Enskog expansion. We use the notations of Waldmann?® in the
following.

Putting
GulT, ¥, 1) = Fo(r, C, {1 + @,(r, C, 1)} (40)
we obtain
9[F,] = —Zﬂ: np I [ D] + ry(x, v, 1) 41
where

Iyl P = J Jdvl av' avy’

X AD(r, v, 1) + Dp(r, vy, 1) — D (r, v, 1) — Dp(r, v¢', N}
X Wog(v, vy, v, ViV, v, OFy(r, v, 1) 42)
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In this approximation Eq. (30) reduces to

rzz(r’ v, t)l‘ﬁ(l',, vla tl)
= 20(t — 1)0(r — ¥ )n*[d,,, 8, 41p = 20(1 — £)3(r — 1)

x ) ffdv avy (v — v)8,,1, 10,7 [0,4] (43)
Notice that our definition of the inner product [ -, -] is identical to that of
Waldmann.t>

The solvability condition of Eq. (41) gives the hydrodynamical equations
of the number density », the fractional number density 7y, = n,/n, the
temperature 7T, etc.:

0 0
hdl - : 4
atn+aﬂnwu 0 (44)
du,, du,  0Op,,
PE+PMV5)Z—~5X (45)
dy, 1 0
(dt )w = “;anaWua ‘ (46)
5 dT 0 Ju
k(L) 2P e (p ps e 47
2kT( di ) @i o, B P T o) “7
where
1
W# = Ll# + ; qu Z Fa(l', C, l) dcC (48)
af of of
Yy9., 4 4
<d1>w o T M, “)

The pressure tensor p,,, the diffusion velocity W,,, and the heat current ¢
are given as follows:

Puv = Z m, JC#CVF,,Q)O, dcC (50)
F, 1
W= |C, n—(Da—;ZF,d)l dc (51)
a i

5
sy [ <””7 C?— 3 kT)CuFa‘I’a dC (52)
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Because the collision operator is linear, the solution of Eq. (41} is given by

O, =04+, (83)
where
@[Fm] = _z nanﬂ‘faﬁ[qy] (54)
B
= n I[P ]+ r (e, v, ) =0 (55)
B

Corresponding to the decomposition of Eq. (53), we have

Py =Py T Pivr Wa=Woat Wi g0 =g + 4™ (56)

The solution of Eq. (54) and the resulting expressions for the hy-
drodynamical variables are well known,!®

p;tv = péuv - 2rl<auu/axv>

Wiw= =3 Dyd,g — Dr(8T/T 0x,) 57
B

g = —p Y Dpd,, — X 0T/ox,

where
dua = aya/axu + (Va - pa/p)(ap/p axy)

The transport coefficients are given’? by

n = (kT/10)[BB<C,C,>, BB{C,C,> 15 (58)
D, = (1/30)[49C,, A9C,], (59)
Dy, = (130)[AC,, 4°C,]; (60)

i =3k[AC,, AC,]; (61)

The functions 4, 4", B are defined as the solutions of the following integral

equations:
F, (5,
) v;%;[(/l"‘) -2 mA‘”)Cu] == (7 - 1) (62)
j 1 i \ Vi

F.
Z ijij[ACﬂ] = n-l (B:.C* - %)Cu (63)



Fluctuating Hydrodynamic Equations 473

F
2. 1 4BR(C,CH) =2 —BLGCD (64)
J i
The second part of the right-hand side of Eq. (56) is now given as follows:

Doy = . m, JC#CVFD,(I);' dv

i

Enz Z f”inj%j[Bﬁ<Cqu>]‘Pi" dv

= — Z n n f [(I)H]Biﬁi<cucv> dv

———ZJBB(CC}r(rv 1) dv (65)
where Egs. (50), (53), and (64) have been used. Similarly, we have

Wi, = 715 > nga>cu,~i(r, v, 1) dv (66)

g, = Z JA Curox, v, 1) dv (67)

Since Egs. (65)-(67) are linear functionals of {r(r, v, 1)}, Eq. (17) yields
p‘r"/; — Wrr qu(w) — 0 (68)

Finally, with the aid of Egs. (43), (58)(61), and (65)-(68), we obtain the
following results:

P (¥, Opae (0, ) = 20k To(x — ')o(2 — 1)

X (8,00 + BBy — 28,,0,,) (69)

Wo(x, W (¥, 1) = (2/1) Dy 8,006 — 1)8(t — 1) (70)
4, NG, 1) = 20°kT?6,,8(c — v)8(t — 1) (71)
Wk, DG, 1) = 2Dk T8,,8( — )3t — 1) (72)

Equations (69)—(72), together with Eqs. (56) and (68), are the conclusions
of this section. Equation (69) is the well-known expression of Landau and
Lifshitz!? and Eqgs. (70)~(72) are the generalizations to multicomponent
fluids.
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5. CHEMICALLY REACTING FLUIDS
Now we consider Eq. (29) in the case of chemical reactions

D9, v, D] = £5({gs})) + I3 Gp}) + 7,0, v, 1) (73)

Even in this case, almost all the collisions are elastic. Inelastic collisions occur
seldomly. Accordingly, the zeroth-order approximate solution of Eq. (73) is
the local equilibrium distribution as before, and the first-order solution is also
given by Eq. (40). Because of the inelastic collisions, Eq. (41) is to be modified
as

GIF,] = =Y nngIg[®] + £ Fp]) + r,(x, v, 1) (74)
5

The solvability condition of Eq. (74)

> jdv Y DLE] = Z29(Fp)) — re v 0} = 0 (75)

for

1 2

Y, (V) = d,p, M, (W=X,y,2), and MU, (76)

gives the set of hydrodynamic equations. The first one of (76) with Eq. (75)
gives

(%)iml = Baz’ﬂ’ (nynpKopop — NattpKepag) + Ry(r, 1) a7
where
Kopwp = .. jW‘"eI(v, v, Vv o Bol B
X F (V)Fg(v, ) dvy av' dv,'/n,ng (78)
R(r, 1) = Fra(r, v, H)dv (79)

o

The correlation function of the random force 1s calculated with the use of Eq.
(30) as

R,(x, OR,(x', ') = $6(r — r')o(t — 1)

x Z Kzz1aza’;a’znaﬁna’zz(5a)g(5ﬂ) (80)

ajazaal
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where
Z(5az) - 6(1&; + 5«12 - 6«1&’; - 50::1’2 (81)
Combined with the contribution of the elastic collisions, Eq. (77) gives
oy 1 0 1/én
« — W - a 77
(6t>w n@ +n(a[)inel ( )

When the thermodiffusion coefficients D, are negligibly small, Egs. (77)
and (57) form a set of closed equations, which we may rewrite as one equation,

0y, 6
(5 )T a0

+n Z (Va'yﬁ’Kaﬂa’ﬂ' - yayﬂKa’,B'aﬂ)
BB

1 0
+ R(r, 1) — . > — Ew 1, Wiy (82)

u Yu

Equation (82)is a simple result. The last two terms are random forces and
the other terms give just the deterministic equation of the reaction—diffusion
system. The two contributions of the total random force are mututally
independent

R, )W, t) =0 (83)

since random forces due to different mechanisms are independent in general,?
as we can see from Eq. (18).

6. TRIMOLECULAR AND UNIMOLECULAR REACTIONS

From the viewpoint of the formation of dissipative structure, tri-
molecular reactions of the form

2X+Y 23X

are important.”">>2! We must generalize Eq. (3) so that it includes processes
of three-particle scattering.

2 If the transision probability is composed of contributions of different mechanisms W(x, y)
=¥, W9x, y), we may write

r(x, ) =Y, rx, 1)

W =6(t — S)é,'j jjdzl dz, [8(x — z;) — 8(x — z,)]

x [8(y — z) — 0y — z)IW (21, 2,)9(22, 1)

since this set of equations reproduces Eq. (18).
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These processes are characterized by the form of transition probability

' ’ ’. ’ ’ -
W(viavj’vkavi’vjavk aah aj7 ak? Oci’aj’ak) (84)

We may easily generalize the formulation of Section 3 to this case by only
replacing Eq. (22) by

k(xy, xp000 X)) = 3 Qxi, X, X, X/, xi x) [T 00a—x) (85)

(ijk) I#i,j.k

Then, the contribution of the three-particle processes to the stochastic
Boltzmann equation is found to be '

1

0
[#ga(r, v, I)} =3 2 J"'jd‘fz vy v dvy' vy

ot

tri 00,030 0]
X AWV, V5, V3, V, v/, vi's o, 0, 05, o, 3y, 037)
X G, V', D Gay(X, Vo', 1)Gas (X, ¥5', 1)
— W, vy v v, v, e oy, o, o o, )
X golX, ¥V, Ga,(X, V2, 1) g, (x, V3, O} + 1T, v, 1) (86)

A rather complicated calculation similar to the derivation of Eq. (30) yields

ra(r: v, t)ra’(r/’ V,, t’)
=g0(r —1')o(z — 1)
% Z fdvl dvy dvsy avy dvy dvy As[6,,1A5[0,,]

a1z asral

X WV, Vo, V3, v, vy Vol ay, o, 0y, o, oy, 06y")
X G (0, V1, 1) gus(X, ¥2', )gaa(r, v3', 1) (87)
where
A3[8,,] = 8(v — ¥1)8y5, + 0(V — ¥2) 00, + OV — ¥3)00s,
= OV = V1) — OV — V5 )00y — OV — V3))0 (88)

Equations (86) and (87) give the general expressions for the three-particle
processes. We may suppose that almost all the collisions are two-particle
elastic collisions as before, and that three-particle collisions are inelastic and
seldom. Accordingly, we may substitute the local equilibrium distribution
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into g, of Eq. (86) and obtain

on
el _
= Z (Kauzaga’m'zaéna’na’zna's
at tri

@2,d3,a",02,a3

- Ka’a’zaéaazagnanaznag) + Ra(ra [) (89)

R,(r, DRy(x', 1) = 30(x — ¥)o(t — 1)

X Z Z3(5a)53(5ﬂ)Kalaza3a’la’2a’3na’1na’znafg (90)
where
A3(5a) = 591«1 + 50«12 + 5«13 - 5aa'1 - 50::1/2 - 50{15 (91)

1
— can e ’ ,.
K, osatanas = 5 avydvy Wvy,.., ¥3'5 oy 4., 037)

X Fa’;(ra Vllv [)Fa»z(l', v2,7 t)Faé(ra V3’a t)/naina’zna[-; (92)

Equation (89) gives the correction of Eq. (77) due to three-particle processes.
The reaction of the form

AeX (93)
is a unimolecular process. It is characterized by another form of the transition
probability

W(via vil; aia ai’)

The contribution of this process to the stochastic Boltzmann equation is
found to be

[z% 4., v, t)] = > jdv’ [W(, v;a d)g (v, D)

— WV, v; o, a)g,(x, v, D] + (e, v, 1) (94)

where

rr, v, Drg(r', v, ) = 6(r —r)o(t — ¢) Y devl v’

X [5(‘] - Vl)émal - 5(‘/ - vlr)éaa’l:l
x [0V = vV, — OV — V)py]
X W(Vl >V1,; (xl 3 al/)ga‘l(rv vl/s t) (95)
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By substituting the local equilibrium distribution into Eq. (94), we obtain the
following results

on,
( 5 > =Y (Kpnp ~ Kpaty) + R(X, 1) (96)
uni B

R(r, DR,(x', t') = 6(r —1")o(t — ')

X Z (5aa1 - 5«:1’1)(501:11 - 5aai)Ka;a1na’; (97)

ayat

Kyw, = de‘ﬂ avy” Wvy, vi'5 g, 0V, vy, D/n,, (98)

7. EXAMPLE

We consider now the fluctuations of the Brusselator,*>#

A X @, 2X+Y-3X (b)

99)
B+X—->Y+D (c), X—E (d)
The transition probability of this system is composed of the contributions of
the four kinds of reactions and of the elastic collisions. The number densities
of the spaces A, B, D, and E are assumed homogeneous and time independent
and only X = ny and Y = ny are the variables of this system.
For each kind of reaction, we may apply the results of the preceding
sections separately. We obtain the following results:

K9=k, onlyif a=X, f=A (100)
RO, NRQ (', 1) = k  AS(x — ¥)3(t — 1) (101)

K;b)ll2133152p3 = kZ Only if Oy =&y = 03 = X, ﬂi = .82 =X, ﬁ3 =Y
(102)

RO, NRY(r', 1) = RO, DRP(', ') = — RY(x, HRY(r', 1)
=k, X2 YS(r — v)o(t ~ 1) (103)

Notice that in Eq. (102) “only if . . .” means “if . . ., or the sets {z;} and {§;}
are permutations of ... and zero otherwise.”

Ka(tcx)azﬂxﬁz = k3 Only if % = Y, o, =D, Bl =B, ﬁz =X (104)
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RO, ORY(, 1) = RO, DRY(, 1) = — RY(r, NRY(', 1)

= k3 BXO(r — V)81 — 1) (105)
kog® =k, onlyif «=E, =X (106)
RO, DRI, 1) = k X6(r — ¥)3(1 — 1) (107)

The elastic collisions cause diffusion. Among the many diffusion
coefficients D,;, only the three Dyy, Dyy, and Dyy = Dyx appear explicitly in
the diffusion equations. We may introduce another set of coefficients

D = —Dyy, D, = yx(Dxx — Dxy), D, = yy(Dyy — Dxy) (108)

and for simplicity assume them to be constants. If the mutual diffusions
between the X (or Y) and the A (or B, D, E) components are negligible, the
system may be considered as a two-component system, for which a simple
relation

D=D,=D, (109)

holds.
On the condition that the total number density # is a constant and there is

no net flow of masses (w = 0), Eq. (46) reduces to

0

= X =D, V2X + RQ(x, 1) (110)
0 2 .
5 Y =D V?Y + RO 1) (111)
where
RO, 1) = —ga nWies =X Y (112)

Then, Eq. (70) gives

RO, NRY(, 1) = %Dm,z Z d - n,(x, Dng(r', )0 — r)o(r — 1) (113)

ox 6
When all the contributions in the above are taken into account, Eq. (82)

yields
)

B;szlA + k, X2Y — kyBX ~ k, X + D, V2X + Ry

8
5 ¥ =ksBX — ko X°Y + D, VY + Ry

(114)
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where
Ru(r, DR, ') = [k, A + k, X + ko X2Y + kyBX + 2D VV'X Y/n
+2(D; -~ D) VV'X18(x —r)(t — 1)
Ry(r, DRY(r', 1) = [k, X2Y + kyBX + 2D VV'XY¥/n (115)
+ 2D, — D) VV'Y]6(r — 1')(t — 1)
Ry(r, DRY(x', t') = — [k, X*Y + k3BX + 2D VV'XY/n]8(r — r)3(¢ — 1)
Since the random forces in the hydrodynamical approximation are

Gaussian,® we may write them as sums of the white noise fields {&(r, 1); i
= 1,...,n}. We assume

&ilr, DEL, 1) = 00(x — )0t — 1) (116)

and
Ra(rs t) = Z Uaiii(r’ t) (1 }7)

and determine the coefficients o,; so that Eq. (117) is consistent with Egs.
(115). The results are as follows

Oyx1 = 0y; = (kzXZY + k3BX)1/2
O’XZ = (klA + k4X)1/2, O-YZ = 0
Ox3y = —Oys, = (0/0x,)2DXY/n)"? (118)
Oxap = (a/axu)[z(Dl - D)X/’ﬂllz, Oyqy = 0
Oxsy =0, Oysy = (5/8xu)[2(D2 - D)Y/”]Uza u=x,»,z;, n=11
Equations (114) together with Egs. (118) are the final results of this
section. The set (114) has a simple structure: Its deterministic part is just the
kinetic equation of the Prigogine school.** The Langevin fluctuating forces
characterized by Eqs. (118) describe the fluctuations of the Brusselator.
In the course of the derivation of Eqs. (114) and (118), no approximations
have been used except for the hydrodynamical one of Eq. (40). This

approximadtion is usually valid, since chemical reactions are phenomena near
local equilibrium,® even if they are far from absolute equilibrium.

8. CONCLUDING REMARKS

The main results of this paper are the fluctuating hydrodynamic
equations of mixed gases in Section 4 and the Langevin equations of
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chemically reacting fluids, an example of which is given in Egs. (114). This is
still a rather complicated set of equations: Besides the nonlinearity of the
deterministic part, the correlation function of the random force depends on
the variables, as Egs. (118) show. Yet, Eqs. (114) enable us to analyze the
fluctuations in a way parallel to the analyses of the deterministic part. For
example, small fluctuations from a steady state (X,, Y,) may be studied by
putting X = X, + x, Y = Y, + yin Egs. (114), and X = X;;, Y = Y, in Egs.
(118). The resulting linear Langevin equation may be easily solved with the aid
of the linear stability theory.t+* ‘

Hydrodynamic fluctuations are also important in many other pheno-
mena. They are studied in the case of convection instability.!-23:2% Of the
various methods developed in that case, the method of Graham‘** based on
the Landau-Lifshitz equation seems directly applicable to the case of Egs.
(114). A detailed analysis of Eqgs. (114) will be given elsewhere.
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